A new methodology able to model and reconstruct the transverse trace space of low-emittance electron beams accelerated in the bubble regime of laser-plasma interaction is presented. The single-shot measurement of both the electron energy spectrum and the betatron radiation spectrum is shown to allow a complete measurement of the transverse emittance, including the correlation term. A novel technique to directly measure the betatron oscillation amplitude distribution is described and tested at the SPARC-LAB test facility through the interaction of the ultrashort ultraintense Ti:Sa laser FLAME with a He gas-jet target. Via the exposed technique the beam transverse profile is also retrieved. From the study of the electron transverse dynamics inside the plasma bubble, the nonlinear correlation between the betatron amplitude and the divergence, i.e. the angle with respect the acceleration axis, is found. The angular distribution of the electron beam inside the bubble is retrieved. The knowledge of the trace-space density allows a more accurate measurement of the transverse emittance with respect to previous paradigms.
I. INTRODUCTION
The betatron radiation [1, 2] from laser-plasma accelerated electrons [3] [4] [5] has been largely studied both theoretically and experimentally. It has been used both as a collimated, bright [6] [7] [8] x-ray source for probing experiments [9] and as a diagnostic for plasma accelerated electrons [10] [11] [12] [13] [14] [15] . In principle the incoherent spectrumangular distribution of the betatron radiation contains all the information about the emitting electron bunch while it is accelerated inside the plasma. The betatron spectrum is synchrotronlike [16] and its shape can be characterized by the so-called critical energy parameter [1] . The critical energy is related to the energy spectrum of the emitting electrons, to their spatial profile and lastly to the background plasma electron density. In this paper we present for the first time a method to measure the distribution function of the betatron oscillation amplitudes, which in previous works could be only simulated [10] , relatively to an electron bunch accelerated in the bubble regime [17, 18] . In this way the transverse profile of the electron beam, related to the betatron oscillation amplitude distribution, is retrieved. The to date mostly exploited transverse diagnostic techniques related to betatron radiation are based on x-ray Fresnel diffraction [12, 13] by sharp metallic objects, leading to the measurement of the average electron beam radius inside the plasma [8] but not to the beam transverse profile. Even different techniques based on x-ray spectroscopic analysis of betatron radiation [14, 15] led to the determination only of the average electron beam radius. An expression is given for the correlation function between the betatron oscillation amplitude and the divergence of the single accelerated electrons, i.e. the angle with respect the acceleration axis, in order to obtain the distribution of the electron divergences. This distribution is then compared to the one measured outside the plasma on the scintillator screen of a magnetic spectrometer. The reconstruction of the electron trace space is then performed, which allows a complete measurement of the transverse emittance, including the correlation term. The experiment was performed at the SPARC-LAB test facility [19] through the interaction of the ultrashort ultraintense Ti:Sa laser FLAME [19] [20] [21] [22] with a He gas-jet target. We show that the single shot measurement of both the betatron spectrum and the electron energy spectrum is capable to provide all the information about the transverse trace space of the accelerated electrons. The final normalized emittance, measured with this novel and accurate technique, turns out to be a fraction of the upper limit evaluated by the product of the beam average energy times the beam radius times the beam divergence [10, 11] , since the correlation term can be also taken into account.
II. DESCRIPTION OF THE METHOD
The definition of geometric radial emittance ϵ r of an accelerated beam, which is related to the area occupied by electrons in the (r; θ d ) trace space, where r is the transverse displacement and θ d ¼ dr=dz is the transverse angle with respect to the propagation axis z, is given by [23] 
where Δr ¼ r − hri and
The averages denoted by angular brackets in Eq. (1) are considered with respect to the electron trace-space density, which takes into account how many electrons occupy an elemental area in the trace space. In the following we are going to introduce a method to model and reconstruct the trace-space density starting from the beam characteristic functions PðrÞ and Θðθ d Þ, i.e. the beam profile and the distribution of the singleelectron divergences respectively, and the correlation function rðθ d Þ which links the betatron oscillation amplitude to the divergence of the single electrons, so allowing the computation of the correlation term in Eq. (1) (the second term under the square root). The method consists, as will be shown, in measuring Rðr β Þ, the distribution of the betatron oscillation amplitudes r β , then in retrieving PðrÞ and Θðθ d Þ from the simultaneous detection of the betatron radiation spectrum and the electron energy spectrum. In fact the distribution Rðr β Þ contains information about the electron beam profile: by generalizing Eq. (78) of Ref. [24] to a generic profile, the beam radial profile PðrÞ and the function Rðr β Þ can be related through Eq. (2):
where we identified r ¼ r β = ffiffi ffi 2 p . This result comes by considering the electron trajectories of Ref. [24] , i.e. rðzÞ ¼ r β cos½k β z þ ϕ i , where ϕ i is the initial phase and k β is the betatron wave number, for which the rms value of r over a period 2π=k β is r β = ffiffi ffi 2 p . Therefore from the function Rðr β Þ is possible to retrieve the radial beam profile PðrÞ via Eq. (2). The single particle emission model for the betatron radiation, following Ref. [24] , gives
where S γ;r β ¼ d 2 I=dEdΩ is the radiated energy dI per unit photon energy dE and solid angle dΩ ¼ sin θdθdϕ, α is the fine structure constant, N β is the number of betatron oscillations, γ is the Lorentz factor of the emitting electron, E is the energy of the emitted photon, ω β ¼ ω p = ffiffiffiffiffi 2γ p is the betatron frequency related to the plasma frequency ω p ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi n e e 2 =mε 0 p , where n e is the electron plasma density, m is the electron mass, e is the elementary charge and ε 0 is the vacuum dielectric constant. The summation in Eq. (3) runs over n, the harmonic numbers of the resonance function R n . We have defined
J n is the first kind nth order Bessel function and we have introduced the betatron strength parameter K β ¼ γr β k β . The emission from a bunch of electrons [Eq. (8) ] is the incoherent sum of the single-particle spectra [Eq. (3)], because in the case of betatron radiation from plasma accelerated electrons the length of the electron bunch is typically much larger than the radiated wavelength:
where ΓðγÞ is the energy spectrum of the electrons. Let us approximate the integral over the betatron oscillation amplitudes in Eq. (8) with a summation (operation which is allowed for smooth and square integrable functions):
where r β;i is the ith betatron oscillation amplitude chosen in some range of values ½0; r max β and R i is proportional to the number of electrons which oscillate with that amplitude. The continuous and discrete distributions Rðr β Þ and R i have not the same physical dimension because of a different normalization but they have the same physical meaning of betatron oscillation amplitude distributions. Equation (8) becomes
Now let us consider a measured betatron spectrum ΣðEÞ which will be in general, due to the limitation given by the spectral resolution intrinsic to the measurement, a vector ΣðE j Þ ≡ Σ j where the j index gives the jth point in the detectable range. We can think to discretize also the theoretical spectrum described by Eq. (10) with respect to the photon energies with the same resolution of the measurement, so obtaining
where we defined S ij ¼ R R dΩdγΓðγÞS γ;r β;i ðE j ; ΩÞ. Finally, imposing the theoretical spectrum and the measured one to be equal, we obtain
The matrix S ij will be square and invertible only when the vector R i , which is the solution of the linear system (12) , has the same order of the vector Σ j and when the matrix determinant is different from zero. The first condition limits the resolution in the measurement of the betatron oscillation amplitude distribution. The second has to be valid in order to use the inversion procedure on the system of linear equations (12) , nevertheless the spectrum model (3) is such that the corresponding matrix S ij is never singular. The system (12) states that once the electron energy spectrum ΓðγÞ is known and a model for the betatron radiation emitted by a single particle is chosen [Eq. (3)], the matrix S ij is calculable, at least numerically. Therefore, given a measurement of the betatron spectrum Σ j , corresponding to an electron bunch with energy spectrum ΓðγÞ, the inversion of the linear system (12) yields the solution vector R i , which is the quantity we are interested in. It is worth noting that the validity of the present model, based on Eq. (3), is limited to cases when there is a preferential oscillation axis for the betatron motion or radial symmetry. Moreover, only the radiation corresponding to the last phase of the acceleration is considered, where the electron energy gain is maximum, being the radiation power also maximum in that point [11, 24] . The choice of the spectrum model described by Eq. (3) is coherent with this last assumption. For K β ≫ 1 the spectrum in Eq. (3) reduces to a more handy synchrotronlike form [24] , nevertheless, being the betatron strength parameter r β -dependent, the asymptotic limit of synchrotron radiation emission cannot be applied to all the particles of the electron beam. Therefore the use of a general nonasymptotic expression for the emitted spectrum is necessary in order to reliably represent the single particle emission in each case. In the present work we do not consider the cases of Direct Laser Acceleration (DLA) [25] , i.e. we focus on the cases when the laser pulse does not significantly extend inside the plasma accelerating structure and it does not directly interact with the accelerated electrons. The condition for this to be valid is R > cσ τ , where R is the plasma bubble radius and σ τ is the rms duration of the laser pulse.
The case of DLAwill be faced in a dedicated future work, by starting from the DLA-modified betatron trajectories reported in [26] . In the next section the above inversion method is applied to a set of experimental data in order to measure the Rðr β Þ distribution. From that we are going to retrieve the functions PðrÞ through Eq. (2) and finally Θðθ d Þ through the method we discuss in the following. In principle the function Θðθ d Þ could be rather tricky to be measured because it is related to the electron bunch inside the plasma bubble where intercepting diagnostics cannot be used [27] [28] [29] [30] [31] . On the other hand it has been shown in previous works [10, 11] that the measurement of the divergence outside the plasma can be reliable when the effect of the vacuum-plasma interface and of the space-charge effects are negligible. Nevertheless, in the most general case, an electron bunch can undergo divergence modification at the exit of the plasma and a general technique to measure the divergence inside the bubble could be necessary. The divergence measured outside can be even underestimated when the plasma ramp at the vacuum-plasma interface is not sharp [31] . It can happen that Θðθ d Þ is asymmetric in the two transverse planes. When it is measured on the scintillator screen of a magnetic spectrometer, it corresponds only to one plane, usually spanned by the laser wave vector and the magnetic field. On the other hand, the betatron oscillations can often occur in one plane, that of a p-polarized laser, orthogonal to the magnetic field lines. Therefore in some special case it could be possible to combine the measurement of the divergence outside the plasma with the one retrieved from betatron radiation analysis, in order to get the divergence in the two orthogonal planes. We aim to propose a method to retrieve the function Θðθ d Þ inside the plasma bubble once the function PðrÞ is known. Starting from the trajectories of Ref. [24] , the electron divergence is calculated as
which is consistent with the expression reported in Ref. [11] , except for the factor 1= ffiffi ffi 2 p which comes after averaging over all the possible electron initial oscillation phases ϕ i . Even when using electron trajectories which take into account the electron acceleration [23, 32] , as rðzÞ ¼ r β ½γðzÞ cosfk β ½γðzÞz þ ϕ i g, the derivative dr=dz consists of two classes of terms, the first dependent on the derivatives dr β =dz and the second dependent on the product r β dðk β zÞ=dz:
Therefore in this case also the divergence θ d will consist of these two classes of terms. The first class describes the adiabatic focusing of the betatron oscillation amplitude, usually giving a negligible contribution to θ d on the μrad scale. The second class of terms instead is related to the fast betatronic motion itself and is of the order r β k β like in Eq. (13), giving a contribution on the mrad scale. For γ ∼ γ 0 ¼ γ ∥ , i.e. equating the electron energy to the longitudinal momentum, the correlation function rðθ d Þ which derives from Eq. (13) would result in a zero emittance, being k β independent of r β and the correlation between the betatron oscillation amplitude and the divergence exactly linear. Therefore the anharmonicity of the betatron relativistic oscillations has to be taken into account. In fact the betatron motion can be compared to a wigglerlike oscillation. The effective electron Lorentz factor γ Ã ∼
q has to be introduced, which considers the mass modification due to the relativistic transverse motion [33] . The factor γ Ã comes directly out when considering, like in Ref. [24] , longitudinal trajectories oscillating at the double betatron frequency of the type
β sin 2ω β t=8ω β Þ, where z 0 and v z0 are the electron initial longitudinal position and velocity respectively. When the parameter K β0 starts to be greater than one the anharmonicity in the electron motion cannot be neglected anymore because the average longitudinal velocity can be smaller than the instantaneous one [33] . We defined K β0 ¼ γ 0 k β0 r β , where k β0 ¼ k p = ffiffiffiffiffiffi ffi 2γ 0 p and k p ¼ ω p =c is the plasma wave number with c the velocity of light in vacuum. The presence of the transverse mass
q ensures a realistic estimation of the transverse emittance. When the energy spread of the electron bunch is small (σ γ =γ 0 ≪ 1, with σ γ the standard deviation from the average energy γ 0 ), we can write
committing an error of order σ γ =2γ 0 , where k
. It is worth noting that in what was discussed so far the energy spread does not need to be constant in the entire acceleration process, because of the fact that we only consider the electron dynamics and the radiation in one instant of the process, when the electron energy gain is maximum. In this way the explicit nonlinear correlation between the betatron radius r β and the divergence θ d through Eq. (13) is found:
This means that, after solving Eq. (15) with respect to r β ¼ ffiffi ffi 2 p r (a sextic equation, analytically solvable), the function Θðθ d Þ can be written as
III. DESCRIPTION OF THE EXPERIMENT
A self-injection experiment was performed at the SPARC-LAB test facility (INFN-LNF) by using the laser FLAME [19] [20] [21] [22] . The main pulse characteristics were ∼1 J energy, delivered in 30 fs (FWHM) over a 10 μm diameter focus, corresponding to a laser strength parameter [4] a 0 ∼ 4.4. The laser was focused on a He gas-jet target (Fig. 1) . The electron density of the generated plasma was measured through a Mach-Zender interferometer to be n e ¼ð8AE1Þ×10 18 cm −3 . The maximum acceleration length was L acc ∼z d ∼1.2mm, where
15 mm is the dephasing length [4, 18] , with ω 0 the laser pulsation, so that the electrons were accelerated up to the dephasing point. The extension of the laser-generated plasma at density n e is as long as several Rayleigh lengths. The FLAME laser contrast is reported in Ref. [34] , showing that the intensity of the Amplified Spontaneous Emission (ASE) is 10 −9 times the FLAME peak intensity, while the ps pedestal is 10 −3 . The high contrast between the ASE and the main pulse ensures that the ASE does not have an important effect in producing a preplasma, while the ps pedestal is not negligible. Nevertheless it has been shown that the ps pedestal can be responsible for the onset of optical guiding of the main pulse, determining the production of good quality electron beams [35] . This can justify together with the relativistic self-focusing effect [4] the relatively long high-intensity propagation distance of the laser pulse. The estimated bubble radius [18] R ¼ 2 ffiffiffiffiffi a 0 p c=ω p ∼ 9 μm was larger than σ τ ∼ 3.8 μm, so DLA effects could be neglected. The energy spectrum of the electrons was measured by using of a magnetic dipole coupled to a scintillator screen. The betatron radiation emitted by the accelerated electrons during the interaction of the high-intensity laser with the He plasma was detected FIG. 1. The FLAME laser beam is focused on the He gas jet. Electrons are accelerated in the blowout regime over a distance ≳1. The permanent dipole (≲1 T) coupled with a scintillator screen allows the measurement of the electron energy spectrum. The x-ray betatron radiation, directed in the same direction of the impinging laser, crosses an x-ray scintillator in order to detect the spatial distribution of the radiation and then it arrives at the x-ray spectrometer, where the photon spectrum is detected. Filters of kapton and aluminum are exploited on the light line in order to damp the x-ray radiation and screen the residual laser light. A probe beam is coupled to a Mach-Zender interferometer in order to retrieve the electron plasma density of the laser-produced plasma.
simultaneously both by an x-ray scintillator and a CCD-X camera calibrated during a previous experiment [36] , positioned at 0.7 m from the interaction point, cooled down to −30°C and shielded by a lead cage from broad-divergence bremsstrahlung. The goal was that of measuring simultaneously the spatial distribution of the radiation with the x-ray scintillator and the spectrum in single photon counting [15] mode with the CCD-X camera. The x-ray scintillator was positioned in front of the CCD-X at 0.5 m from the interaction point. The betatron x-ray flux had to cross an overall absorbing thickness constituted by a 280 μm kapton window, a 200 μm x-ray scintillator screen and 1 μm Al filter to screen the residual infrared light on the camera. In Fig. 2 the betatron spectrum, i.e. the deconvolution of the signal detected by the CCD-X camera, is reported together with a polynomial fit, corresponding to the radiation emitted by the electron beam whose characteristics are shown in Fig. 3 . In order to speed up and facilitate the convergence of the inversion procedure introduced before, the polynomial fit is exploited to construct the vector Σ j rather than the signal itself. This approach is justified if thinking that the fluctuations observed on the detected spectrum are not related to modulations of the betatron oscillation amplitude distribution function, but only to noise. In this way no essential physical information is lost about the function RðrÞ. The measured electron energy spectrum is shown in Fig. 3 , corresponding to an average energy γ 0 ¼ 320 MeV and to an energy spread 2σ γ =γ 0 ∼ 20%. The energy spectrum represented in Fig. 3 is integrated over the detected distribution of the electron divergences in the vertical plane. The electron divergence distribution in the same plane is also reported, integrated over all the detected electron energies. We apply the inversion procedure described in the previous section, starting from the betatron spectrum of Fig. 2 and the electron spectrum of Fig. 3 . The measured RðrÞ function is reported in Fig. 4 , together with the beam profile retrieved via Eq. (2). The errors on RðrÞ and PðrÞ curves have been estimated propagating the error on the electron plasma density measurement, taking into account the relative weight of the fluctuations of the detected betatron spectrum with respect to the polynomial fit and the error on the measurement of the electron average energy γ 0 ¼ 640 AE 6, the last determined by the error on the alignment of the dipole with respect to the main laser beam line and of the scintillator screen with respect to the magnet. The dotted lines in Fig. 4 identify the error range for both RðrÞ and PðrÞ and they represent the solutions obtained with the inversion code based on the system of equations (12) ∼320 MeV, consistent both with the measurement and with the expression given by Ref. [18] , from which the maximum electron energy gain in the bubble regime is γ max ∼ 2a 0 ω 2 0 =3ω 2 p . The retrieved beam size value σ r is not only cross-checked through the 3D PIC simulation but also through the analysis of the betatron radiation spatial distribution. In fact the betatron radiation divergence θ β satisfies the relation θ β ∼ σ r k β0 [8] . In Fig. 5 the comparison is shown between the simulated and detected spatial distribution of betatron radiation. The radiation spatial distribution shows a radial symmetry. The simulation is performed considering an electron bunch with the detected properties, namely the radial distribution of Fig. 4 and the energy spectrum of Fig. 3 . There is agreement, being the measured divergence of the radiation beam θ meas β ¼ 8.2 AE 0.3 mrad while the simulation value is θ sim β ¼ 8.5 mrad. Therefore the analysis of the spatial distribution confirms the validity of the value σ r ¼ 0.42 μm. In Fig. 6 the comparison between the Θðθ d Þ function retrieved by exploiting the equations (2), (13), (15) , (16) and the Θðθ d Þ function measured outside the plasma (Fig. 3) , is reported. The ramp at the vacuum-plasma interface was only a fraction of the effective betatron wavelength λ Ã β ¼ 2πcð1þK
the acceleration length L acc was almost comparable with the depletion length of the laser ∼1.18 mm and from the angular distribution of the betatron radiation we could expect radial symmetry of the electron beam divergence. Therefore we compared the Θðθ d Þ distribution retrieved from the betatron radiation analysis and the electron divergence measured on the scintillator screen of the magnetic spectrometer. The two distributions appear only slightly different. This difference is mostly due to the fact that we are using a simplified model of electron trajectories and correlation function. Nevertheless they present comparable values of rms beam divergence σ θ . In fact σ 
IV. CONCLUSIONS
It is worth noting that estimating the emittance as γ 0 σ r σ meas θ yields ϵ no-corr r β N ¼ ð1.5 AE 0.3Þ mm mrad, which is quite larger than the value obtained from a complete analysis including the correlation term. Therefore, in order to accurately measure the beam emittance inside the plasma bubble, the correlation term is necessary. For any application requiring the capture, via conventional magnets or plasma optics [41] , and the utilization of a plasma accelerated electron beam, the knowledge of the electron trace space is fundamental for matching issues. Accurate, high resolution, nonintercepting emittance diagnostic techniques, like the betatron radiation actually can provide, seem to be the most promising for this aim. In the present work a methodology to reconstruct the trace space of plasma accelerated electron beams has been presented. It is shown that the single shot measurement of both the betatron radiation spectrum and the electron energy spectrum can provide all the information about the trace space of the electron beam. A direct technique to measure the betatron oscillation amplitude distribution has been described and applied to experimental data, from which the beam transverse profile has been retrieved. From the study of the electron transverse dynamics inside the plasma bubble, the correlation between the betatron amplitude and the divergence, i.e. the angle with respect the acceleration axis, has been found. The distribution of the electron divergences inside the bubble has been retrieved, which is comparable to the one measured outside the plasma when plasma-vacuum interface and space-charge effects are negligible. The knowledge of the trace-space density allows a more accurate measurement of the transverse emittance. 
